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APPROXIMATE CONTROLLABILITY OF SEMI-LINEAR HEAT
EQUATION WITH NON INSTANTANEOUS IMPULSES,
MEMORY AND DELAY
H. LEIVA1, W. ZOUHAIR2 AND M. N. ENTEKHABI3
Abstract. The semilinear heat equation with non instantaneous impulses
(NII), memory and delay is considered and its approximate controllability
is obtained. This is done by employing a technique that avoids fixed point
theorems and pulls back the control solution to a fixed curve in a short time
interval. We demonstrate, once again, that the controllability of a system is
robust under the influence of non instantaneous impulses, memory and delays.
In support, a numerical example with simulation for a linear heat equation is
given to validate the obtained controllability result for the linear part. Finally
we present some open problems and a possible general framework to study the
controllability of non instantaneous impulsive (NII) semilinear equations.
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1. Introduction
The theory of impulsive differential equations was initiated by A. Mishkis and
V. D. Mil’man in 1960, it has become an important area of investigation in recent
years. There are many practical examples of impulsive control systems, The growth
of a population diffusing throughout its habitat, the amount of money in a stock
market, the spread of an acoustic vibrations,we can find this notion in several
other fields like: neural networks, ecology, chemistery, biotechnology, radiophysics,
theoretical physics, mathematical economy. we can easily seen in these examples
2010 Mathematics Subject Classification. 93B05, 34G20, 35R12.
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where abrupt changes such as harvesting, disasters and instantaneous storage can
occur. These problems are modelled by impulsive differential equations.
Modelling such real phenomena, we notice that the impulse started at a given
moment and its action remains active for a finite time. Such an impulse is known as
a non-instantaneous impulse (NII). This notion appears for the first time in 2012.
After that, it has become an area of interest for many researchers. For more, we
refer to our readers [7, 8, 9].
The evolution of this theory was quite slow because of the complexity of ma-
nipulating such equations. For example, if we consider systems with impulses (in-
stantaneous or non-instantaneous). Since the impulses involve instantaneous and
discontinuous changes at various time instants witch influencing the solutions, this
can lead to instability (respectively uncontrollability) of the differential equation
or inversely its stability (respectively controllability), (see [1], [2] ). Afterwards,
many scientists contributed in the enrichment of this theory, they launched differ-
ent studies on this subject and large number of results were established .
Controllability is a mathematical problem, which consists of finding a controls
steering the system from an arbitrary initial state to a final state in a finite interval
of time, the controllability of the impulsive systems is studied by several authors
(see [3, 4, 5, 6]). In this work we prove the interior approximate controllability
for the following non instantaneous impulsive (NII) semilinear heat equation with
memory and delay.
∂ω
∂t
+Aω = 1θu(t, x) +
∫ t
0
M(t, s)g(ω(s− r, x)) ds in ∪Ni=0 (si, ti+1)× [0, pi],
+f(t, ω(t− r, x), u(t, x)),
ω(t, 0) = ω(t, pi) = 0, on (0, T ),
ω(s, x) = h(s, x), in [−r, 0]× [0, pi],
ω(t, x) = Gi(t, ω(t, x), u(t, x)), in ∪Ni=0 (ti, si]× [0, pi].
(1.1)
Where 0 = s0 = t0 < t1 ≤ s1 < ... < tN ≤ sN < tN+1 = T are fixed real numbers,
h : [−r, 0]×[0, pi]→ R is a piecewise continuous function in s, f : [0, T ]×R×R→ R,
X = L2[0, pi] and A : D(A) ⊂ X → X is the operator Aψ = −ψxx with domain
D(A) := {ψ ∈ X : ψ,ψx absolutely continuous, ψxx ∈ X , ψ(0) = ψ(pi) = 0},
and (D(A))1/2 = X 1/2, θ is an open nonempty subset of [0, pi], 1θ denotes the char-
acteristic function of the set θ.
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Example of the effect of non-instantaneous pulses (NII).
This paper is organized as follows. In section 2, we briefly present the problem
formulation and related definition. In section 3 and 4, we discuss the approximation
of controlability for the linear and and the semilinear system. The last section is
devoted to some related open problems and application.
2. Abstract Formulation of the Problem
We begin the section introducing notations and some hypothesis. Throughout
this paper we use the following notations for (1.1):
It is well known that−A : D(A) ⊂ X → X , is the generator of a Strongly continuous
analytic semigroup (S(t))t≥0 on X . Moreover, the operator A and the semigroup
(S(t))t≥0 can be represented as follows:
Ax =
∞∑
n=1
λn〈x, φn〉φn, x ∈ X ,
where λn = n
2, φn(ξ) = sinnξ and 〈·, ·〉 is the inner product in X . So, the strongly
continuous semigroup (S(t))t≥0 generated by A is also compact and given by
S(t)x =
∞∑
n=1
e−n
2t〈x, φn〉φn, x ∈ X .
As a consequence, we have the following estimate:
‖ S(t) ‖≤ e−t, t ≥ 0.
Consequently, systems (1.1) can be written as an abstract functional differential
equations with memory in X :
ω
′
= −Aω + Bθu+
∫ t
0
M(t, s)g1(ωs(−r))ds + f1(t, ωt(−r), u(t)), ∪Ni=0 (si, ti+1) ,
ω(t) = h(t), [−r, 0],
ω(t) = G1i (t, ω(t), u(t)), ∪Ni=0(ti, si],
(2.1)
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where U = X , u ∈ L2([0, T ];U), Bθ : U −→ X is a bounded linear operator such
that Bθu = 1θu, ωt ∈ C([−r, 0];X ) defined by ωt(s) = ω(t + s), and the functions
g1 : L2[0, pi] −→ L2[0, pi], G1i : [ti, si]×X ×U −→ L2[0, pi], f1 : [0, T ]×PW×U −→
L2[0, pi], are defined by
g1(z)(x) = g(z(x)),
f1(t, ϕ, u)(x) = f(t, ϕ(−r, x), u(x)),
G1k(t, z, u)(x) = Gk(t, z(x), u(x)) for k = 1, ..., N,
where PW is the space of piecewise continuous functions:
PW =
{
h : [−r, 0] −→ X 1/2 : h is piecewise continuous
}
,
endowed with the norm
‖h‖ = max{‖h(t)‖X : −r ≤ t ≤ 0}.
To defined the mild solution of the problem above, we introduce the following
function:
f2 : [0, T ]× PW × U → X ,
given by
f2(t,X,U) =
∫ t
0
M(t, s)g1(Xs) ds + f
1(t,Xt, U(t)),
then, from system (2.1), we obtain the following non-autonomous differential equa-
tion with non-instantaneous impulses
ω
′
= −Aω + Bθu+ f2(t, ωt, u), ∪Ni=0 (si, ti+1] ,
ω(t) = h(t), [−r, 0],
ω(t) = G1i (t, ω(t), u(t)), ∪Ni=0(ti, si].
(2.2)
We consider the space PC(X ) of all functions ϕ : [−r, T ] −→ X such that ϕ(·) is
piecewise continuous on [−r, 0] and continuous on [0, T ] except at points ti where
the side limits exist ϕ(t−i ) = ϕ(ti), ϕ(t
+
i ) for all i = 1, 2, ..., N, endowed with the
uniform norm denoted by ‖ · ‖PC(X ).
Definition 2.1. A function ω(·) ∈ PC(X ) is called a mild solution for the system
(2.2) if it satisfies the following integral-algebraic equation
ω(t) =

h(t), t ∈ [−r, 0],
S(t)h(0) +
∫ t
0
S(t− s)(Bθu(s) + f2(s, ωs, u(s))) ds, t ∈ [0, t1],
G1i (t, ω(t), u(t)), t ∈ (ti, si], i = 1, 2, . . . , N,
S(t− si)G1i (si, ω(si), u(si)) +
∫ t
si
S(t− s)Bθu(s) ds t ∈ (si, ti+1] , i = 1, 2, . . . , N,
+
∫ t
si
S(t− s)f2(s, ωs, u(s)) ds.
(2.3)
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In this paper, we are interested in showing that the semilinear heat equation with
non instantaneous impulses, memory and delay (1.1) is approximately controllable
on [0, T ]. In this regard, we will assume the following hypothesis for all the remaind
of paper:
H) M ∈ L∞([0, T ]× [0, pi]), and the nonlinear functions f1, g1 and G1i , are smooth
enough so that, for all h ∈ PW and u ∈ L2 ([0, T ];U) the problem (2.1) admit only
one mild solution on [−r, T ].
These types of problem have been attracting many researchers. For instant,
results in [10, 11, 12, 13] showed the well-posedness of certain classes of nonlinear
and noninstantaneous impulsive differential equations. In the next section, we will
discuss the result for the linear case.
3. Approximate Controllability of the Linear Equation
In this section, we shall present some characterization of the approximate con-
trollability for a general linear system in Hilbert spaces and prove, for the better
understanding of the reader, the approximate controllability of the linear heat equa-
tion in any interval [T − l, T ] using the representation of the semigroup (S(t))t≥0
generated by A, and the fact that φn(ξ) = sinnξ are analytic functions. To this
end, we note that, for all ω0 ∈ X , 0 ≤ t0 ≤ T and u ∈ L2(0, T ;U) the initial value
problem  ω
′
= −Aω + Bθu, ω ∈ X ,
ω(t0) = ω0,
(3.1)
admits only one mild solution given by
ω(t) = S (t− t0)ω0 +
∫ t
t0
S(t− s)Bθu(s) ds, t ∈ [t0, T ] .
Definition 3.1. (Approximate Controllability of System (3.1) ) The system (3.1)
is said to be approximately controllable on [t0, T ], if for all ω0, ω
1 ∈ X = U =
L2(0, pi), ε > 0 there exists u ∈ L2(0, T ;U) such that the mild solution ω(t) of (3.1)
corresponding to u verifies: ∥∥ω(T )− ω1∥∥X < ε,
where ∥∥ω(T )− ω1∥∥X = (∫ pi
0
∣∣ω(T, x)− ω1(x)∣∣2 dx) 12 .
Definition 3.2. For l ∈ [0, T ) we define the controllability map for the system
(3.1) as follows
GTl : L
2(T − l, T ;U) −→ X
GTl(v) =
∫ T
T−l
S(T − s)Bθv(s) ds.
6 H. LEIVA, W. ZOUHAIR AND M.N. ENTEKHABI
It’s adjoint operator
G∗Tl : X −→ L2(T − l, T ;U)
G∗Tl(x) = B
∗
θS
∗(T − t)x, t ∈ [T − l, T ].
Therefore, the Grammian operator QTl : X −→ X is defined as:
QTl = GTlG
∗
Tl =
∫ T
T−l
S(T − t)BθB∗θS∗(T − t) dt.
The following lemma holds in general for a linear bounded operator G : W → Z
between Hilbert spaces W and Z.
Lemma 3.1. (see [15, 16, 17]) The equation (3.1) is approximately controllable on
[T − l, T ] if, and only if, one of the following statements holds:
a. Rang (GTl) = X ,
b. B∗θS
∗(T − t)x = 0, t ∈ [T − l, T ]⇒ x = 0,
c. 〈QTlx, x〉 > 0, x 6= 0 in X ,
d. limα→0+ α (αI +QTl)
−1
x = 0, ∀ x ∈ X .
Remark 3.1. The Lemma 3.1 implies that for all x ∈ X we have GTluα = x −
α (αI +QTl)
−1
x, where
uα = G
∗
Tl (αI +QTl)
−1
x, α ∈ (0, 1].
So, limα→0GTluα = x, and the error ETlx of this approximation is given by
ETlx = α (αI +QTl)
−1
x, α ∈ (0, 1],
and the family of linear operators
ΓαTl : X −→ L2(T − l, T ;U), defined for 0 < α ≤ 1 by
ΓαTlx = G
∗
Tl (αI +QTl)
−1
x,
satisfies the following limit
lim
α→0
GTlΓαTl = I,
in the strong topology.
Lemma 3.2. The linear heat equation (3.1) is approximately controllable on [T −
l, T ]. Moreover, a sequence of controls steering the system (3.1) from an initial
state y0 to an ε neighborhood of the final state ω
1 at time T > 0, is given by{
ulα
}
0<α≤1 ⊂ L2(T − l, T ;U), where
ulα = G
∗
Tl (αI +QTl)
−1 (
w1 − S(l)y0
)
, α ∈ (0, 1],
and the error of this approximation Eα is given by
Eα = α (αI +QTl)
−1
(w1 − S(l)y0),
such that the solution y(t) = y
(
t, T − l, y0, ulα
)
of the initial value problem{
y′ = −Ay +Bθulα(t), y ∈ X , t > 0,
y(T − l) = y0, (3.2)
satisfies
lim
α→0+
ylα
(
T, T − l, y0, ulα
)
= ω1,
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that is
lim
α→0+
ylα(T ) = lim
α→0+
{
S(l)y0 +
∫ T
T−l
S(T − s)Bθulα(s)ds
}
= ω1.
Proof. We shall apply condition (b) from the foregoing Lemma. In fact, It is clear
that S∗(t) = S(t), B∗θ = Bθ, and we suppose that:
B∗θS
∗(τ − t)ξ = 0, t ∈ [T − l, T ].
i.e.,
∞∑
n=1
e−n
2(T−t) < ξ, φn > Bθφn = 0, t ∈ [T − l, T ].
i.e.,
∞∑
n=1
e−n
2(T−t) < ξ, φn > 1θφn = 0, t ∈ [T − l, T ].
i.e.,
∞∑
n=1
e−n
2(T−t) < ξ, φn > φn(x) = 0, t ∈ [T − l, T ], x ∈ θ.
i.e.,
∞∑
n=1
e−n
2t < ξ, φn > φn(x) = 0, t ∈ [0, l], x ∈ θ
From Lemma 3.14 from [15], we get that
< ξ, φn > φn(x) = 0, x ∈ θ
Now, since φn(x) = sin(nx) are analytic functions , we get that < ξ, φn > φn(x) =
0, ∀x ∈ [0, pi], n = 1, 2, . . . ;. This implies that
< ξ, φn >= 0, n = 1, 2, . . . .
Since {φn} is a complete orthonormal set on X , we conclude that ξ = 0. This
completes the proof of the approximate controllability of the linear system (3.1).
The remaind of the prove follows from the above characterization of dense range
operators.

4. Approximate Controllability of the Semilinear System (1.1)
In this section, we shall prove the main result of this paper, the interior approx-
imate controllability of the non instantaneous impulsive semi-linear heat equation
with memory and delay (1.1), which is equivalent to prove the approximate con-
trollability of the system (2.1).
Under hypothesis H, for all h ∈ PW and u ∈ L2([0, T ];U), the initial value problem
ω
′
= −Aω + Bθu+
∫ t
0
M(t, s)g1(ωs)ds+ f
1(t, ωt, u(t))ds, ∪Ni=0 (si, ti+1) ,
ω(t) = h(t), [−r, 0],
ω(t) = G1i (t, ω(t), u(t)), ∪Ni=0(ti, si],
(4.1)
8 H. LEIVA, W. ZOUHAIR AND M.N. ENTEKHABI
admit only one mild solution given by (2.3), and its evaluation in T leads us to the
following expression
ω(T ) = S(T − sN )G1N (sN , ω(sN ), u(sN )) +
∫ T
sN
S(T − s)(Bθu(s) + f2(s, ωs, u(s)))ds
= S(T − sN )G1N (sN , ω(sN ), u(sN )) +
∫ T
sN
S(T − s)Bθu(s)ds
+
∫ T
sN
S(T − s)
∫ s
0
M(s,m)g1(ωm)dm+ f
1(s, ωs, u(s))ds.
Definition 4.1. (Approximate Controllability of System (2.1) ) The system (2.1)
is said to be approximately controllable on [0, T ], if for all h ∈ PW and ω1 ∈ X =
U = L2(0, pi), ε > 0 there exists u ∈ L2(0, T ;U) such that the mild solution ω(t) of
(2.1) corresponding to u verifies:∥∥ω(T )− ω1∥∥X < ε.
Now, we are ready to present and prove the main result of this paper.
Theorem 4.1. Assume that It exists ρ ∈ C (R+,R+) which for all (t,Φ, u) ∈
[0, T ]× PW(−r, 0;X )× L2([0, T ];U), the following inequality holds∥∥f1(t,Φ, u)∥∥X ≤ ρ(‖Φ(−r)‖X ). (4.2)
Then, the non instantaneous impulsive semilinear heat Eq. (1.1) with memory and
delay is approximately controllable on [0, T ].
Proof. Given ε > 0, h ∈ PW and a final state w1 ∈ X , we want to find a control
ulα ∈ L2(0, T ;U) such that ∥∥ωlα(T )− ω1∥∥X < ε.
We start by considering u ∈ L2(0, T ;U) and its corresponding mild solution ω(t) =
ω(t, 0, h, u), of the initial value problem (4.1), for 0 < α < 1 and 0 < l < min{T −
sN , r} small enough. We define the control ulα ∈ L2(0, T ;U) as follow
ulα(t) =
{
u(t), if 0 ≤ t ≤ T − l,
uα(t), if T − l < t ≤ T, (4.3)
where
uα(t) = B
∗
θS
∗(T − t) (αI +QTl)−1
(
ω1 − S(l)ω(T − l)) , T − l < t ≤ T. (4.4)
The corresponding solution ωα,l = ω(t, sN , G
1
N , u
l
α) of the initial value problem
(4.1) at time T can be written as follows:
APPROXIMATE CONTROLLABILITY OF SEMI-LINEAR HEAT EQUATION 9
ωα,l(T ) = S(T − sN )G1N (sN , ωα,l(sN ), ulα(sN )) +
∫ T
sN
S(T − s)
[
Bθu
l
α(s)
+
∫ s
0
M(s,m)g1(ωα,lm )dm+ f
1(s, ωα,ls , u
l
α(s))
]
ds
= S(l)
{
S(T − sN − l) G1N (sN , ωα,l(sN ), ulα(sN )) +
∫ T−l
sN
S(T − s− l)
[
Bθu
l
α(s)
+
∫ s
0
M(s,m)g1(ωα,lm )dm + f
1(s, ωα,ls , u
l
α(s))
]
ds
}
+
∫ T
T−l
S(T − s)
[
Bθuα +
∫ s
0
M(s,m)g1(ωα,lm )dm
+ f1(s, ωα,ls , uα(s))
]
ds,
then
ωα,l(T ) = S(l)ω(T − l) +
∫ T
T−l
S(T − s)
[
Bωuα +
∫ s
0
M(s,m)g1(ωα,lm )dm
+ f1(s, ωα,ls , uα(s))
]
ds.
On the other hand, the corresponding solution ylα(t) = y (t, T − l, ω(T − l), uα) of
the initial value problem (3.2) at time T is given by:
ylα(T ) = S(l)ω(T − l) +
∫ T
T−l
S(T − s)Bωuα(s)ds. (4.5)
Therefore,
ωα,l(T )− ylα(T ) =
∫ T
T−l
S(T − s)
∫ s
0
M(s,m)g1(ωα,lm )dm+ f
1(s, ωα,ls , uα(s))ds,
by the hypothesis (4.2) of the theorem we obtain∥∥ωα,l(T )− ylα(T )∥∥ ≤∫ T
T−l
‖S(T − s)‖
∫ s
0
∥∥M(s,m)g1 (ωα,lm )∥∥ dmds
+
∫ T
T−l
‖S(T − s)‖ρ (∥∥ωα,ls (−r)∥∥) ds,
since 0 ≤ m ≤ s, 0 < l < r, and T − l ≤ s ≤ T, then m− r ≤ s− r ≤ T − r < T − l,
then
ωα,l(m− r) = ω(m− r) and ωα,ls (−r) = ω(s− r), (4.6)
therefore, for a sufficiently small l we obtain∥∥ωα,l(T )− ylα(T )∥∥ ≤∫ T
T−l
‖S(T − s)‖
∫ s
0
∥∥M(s,m)g1 (ωm)∥∥dm ds
+
∫ T
T−l
‖S(T − s)‖ρ (‖ω(s− r)‖) ds
≤ ε
2
.
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Hence, by lemma 3.2 we can choose α > 0 such that∥∥ωα,l(T )− ω1∥∥ ≤ ∥∥ωα,l(T )− ylα(T )∥∥+ ∥∥ylα(T )− ω1∥∥
<
ε
2
+
ε
2
= ε.

Remark 4.1. In particular of function ρ from condition (4.2), is ρ(ξ) = e(ξ)β + η,
with β ≥ 1.
5. Example
In this section, we’re going to do a numerical validation for the controllability
result obtained in lemme 3.2 in which we have shown the approximate controllability
of the linear heat equation given by
{
y′ = −Ay +Bθulα(t), y ∈ X , 0 < t < T,
y(T − l) = y0, (5.1)
where the control function is giving by
ulα = G
∗
Tl (αI +QTl)
−1 (
w1 − S(l)y0
)
, α ∈ (0, 1].
For the simulations we make the following choices: T = 2pi, l = 7pi4 , θ =]0,
pi
2 [, also
we put y0 = 0, and for the desired state we take w
1(x) = sin(x) for all x ∈ [0, pi].
Desired state w1.
Now, under the influence of control, we solve the problem (5.1), and we plot the
solution ylα (T, T − l, y0, uα) for α = 1103 ,we get
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Solution of the problem (5.1) for α = 1103 .
Clearly we can see that this solution takes the same form as the desired state,
but the error is still big because α must be tend towards 0. By decreasing the value
of α, we notice that ylα (T, T − l, y0, uα) is getting close more and more towards w1.
Therefore, the result of Lemma 3.2 is hold.
6. Final Remark
We strongly believe that the technique adopted here can apply it to prove the
interior controllability of many other partial differential equations.
6.1. Open Problem. Our first open problem is the semilinear Non-autonomous
differential equations with non instantaneous impulses, memory and delay

ω
′
(t) = A(t)ω(t) +B(t)u(t) +
∫ t
0
M(t, s)g(ωs)ds+ f(t, ωt, u(t)) ds, in ∪Ni=0 (si, ti+1) ,
ω(s, x) = h(s, x), in [−r, 0],
ω(t) = Gi(t, ω(t), u(t)), in ∪Ni=0(ti, si],
where 0 = s0 = t0 < t1 ≤ s1 < ... < tN ≤ sN < tN+1 = T are fixed real
numbers, ω(t) ∈ Rn, u(t) ∈ Rm, ωt defined as a function from [−r, 0] to Rn by
ωt(s) = ω(t+ s), A(t), B(t) are continuous matrices of dimension n× n and n×m
respectively, the control function u belongs to C(0, T ;Rm), h ∈ PW(−r, 0;Rn),
f : [0, T ] × PW(0, T ;Rn) × Rm → Rn, g : Rn → Rn, M ∈ C(0, T ;Rn) Gi :
[ti, si]× Rn × Rm → Rn.
6.2. Open Problem. Second open problem is about Controllability of non instan-
taneous semilinear beam equation with memory and delay
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
z
′′ − 2γ∆z′ + ∆2z = u(t, x) + f
(
t, z(t− r), z′(t− r), u
)
in ∪Ni=0 (si, ti+1) ,
+
∫ t
0
g(t− s)h(z(s− r, x))ds,
z(t, x) = ∆z(t, x) = 0, on (0, T )× ∂Ω,
z(s, x) = ϕ1(s, x), in [−r, 0]× Ω,
z
′
(s, x) = ϕ2(s, x),
z
′
= ψi(t, z(t), z
′
(t), u(t)), in ∪Ni=0 (ti, si],
where Ω is a bounded domain in RN , the damping coefficient γ > 1, and the
real-valued functions z = z(t, x) in [0, T ] × Ω represents the beam deflection, u in
[0, T ]×Ω is the distributed control, g acts as convolution kernel with respect to the
time variable.
6.3. Open Problem. Another example where this technique may be applied is
the strongly damped wave equation with Dirichlet boundary conditions with non
instantaneous impulses, memory and delay in [0, T ]× Ω,
y
′′
+ β(−∆)1/2y′ + γ(−∆)y = 1θu+
∫ t
0
h(s, y(s− r), u(s))ds, in ∪Ni=0 (si, ti+1) ,
y = 0, on ∂Ω,
y(s) = φ1(s), in [−r, 0],
y
′
(s) = φ2(s), in [−r, 0],
y
′
(t) = gi(t, y(t), y
′
(t), u(t)), in ∪Ni=0 (ti, si].
In the space Z1/2 = D((−∆)1/2) × L2(Ω), where Ω is a bounded domain in RN ,
θ is an open nonempty subset of Ω, 1θ denotes the characteristic function of the
set θ, the distributed control u ∈ L2(0, T ;L2(Ω)). φ1, φ2 are piecewise continuous
functions.
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